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Abstract
We propose and investigate a one-parameter probabilistic mixture of one-
dimensional elementary cellular automata under the guise of a model for the
dynamics of a single-species unstructured population with nonoverlapping gen-
erations in which individuals have smaller probability of reproducing and sur-
viving in a crowded neighbourhood but also suffer from isolation and dispersal.
Remarkably, the first-order mean field approximation to the dynamics of the
model yields a cubic map containing terms representing both logistic and weak
Allee effects. The model has a single absorbing state devoid of individuals, but
depending on the reproduction and survival probabilities can achieve a stable
population. We determine the critical probability separating these two phases
and find that the phase transition between them is in the directed percolation
universality class of critical behaviour.
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1 Introduction
Cellular automata (CA) are discrete-space, discrete-time, discrete-state deterministic dynami-
cal systems introduced in the 1940s as model systems for simple self-reproducing, self-repairing
organisms and logical devices [1–4]. If the dynamics of the CA depends on a random variable,
the CA becomes a probabilistic CA (PCA). PCA were introduced mainly by the Russian school
of stochastic processes in its study of noisy, unreliable mathematical neurons, but also in rela-
tion with deep questions in the theory of Markov processes and statistical mechanics [5–7].
In mathematical ecology, CA and PCA can be used to model the dynamics of populations
that have discrete breeding seasons with nonoverlapping generations, like several species of
insects and annual plants that can be described by difference equations, as well as in the study
of spatial processes in ecosystems and land-use change [8–18]. One of the most interesting
effects that may occur in the dynamics of a population is the Allee effect, according to which
at low population densities reproduction and survival of individuals may decline, challenging
the view that individual fitness must be higher at low densities because of lower intraspecific
competition [19–21]. Possible causes for the onset of the Allee effect in a population are mate
limitation and debilitated cooperative defense, amongst others [22–25].
In this paper we propose and investigate a one-parameter probabilistic mixture of one-
dimensional elementary (0-1) cellular automata under the guise of a model for the dynamics
of a single-species unstructured population with nonoverlapping generations in which individ-
uals have smaller probability of reproducing and surviving in a crowded neighbourhood but
also suffer from isolation and dispersal. We found that a simple rationale for choosing the mi-
croscopic transitions that enter the PCA yields in the first-order mean field approximation to
the dynamics of the PCA a cubic map containing terms representing both logistic limitation to
growth and Allee effects. The model has an absorbing state devoid of individuals, but depend-
ing on the reproduction and survival probabilities can achieve a stable population. The two
phases are separated by a second-order phase transition in the directed percolation universality
class of critical behaviour.
The paper is organised as follows. In Section 2 we briefly review the PCA formalism and
the single-cell mean field approximation to the dynamics of PCA. In Section 3 we describe the
Allee effect and discuss the rationale for the choice of the microscopic transition probabilities
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that renders a one-parameter PCA embodying both the logistic and the (weak) Allee effects.
The mean field analysis of the model is presented in Section 4. In Section 5 we determine
the critical behaviour of the PCA by Monte Carlo simulations and finite-size scaling analysis
and briefly discuss its meaning in the general context of the model. Finally, in Section 6 we
summarise our results and indicate some directions for further investigation.
2 PCA dynamics and mean field approximation
A one-dimensional, two-state PCA [2–5] is defined by an array of cells arranged in a one-
dimensional lattice Λ = {1,2, . . . ,L} ⊂ Z of total length L, usually under periodic boundary
condition (L+ i ≡ i, i = 1, . . . ,L), with each cell in one of two possible states, say, xi = 0 or
1, i = 1, . . . ,L. The state of the PCA at instant t = 0, 1, . . . is given by xt = (xt1, x
t
2, . . . , x
t
L) ∈
Ω= {0,1}Λ. The probability Pt(x) of observing the PCA in state x at instant t, given an initial
distribution P0(x), is given by
Pt+1(x′) = ∑
x∈Ω
Φ(x′ |x)Pt(x), (1)
where 0≤Φ(x′ |x)≤ 1 is the conditional probability for the transition x→ x′ to occur in one
time step. The rules that map the state of xti into the new state x
t+1
i depend only on a finite
neighbourhood of xti . In this work the neighbourhood is given by the i-th cell itself together
with its two nearest-neighbors i±1, and since the cells of the PCA are updated simultaneously
and independently we have that
Φ(x′ |x) =
L
∏
i=1
φ(x′i |xi−1, xi, xi+1). (2)
From (1) and (2), it is easy to show that the dynamics of the marginal probability distribu-
tion Pt+1(x) of observing a cell in state x at instant t (equivalently, the instantaneous density of
cells in state x) obeys
Pt+1(x′i) = ∑
xi−1,xi,xi+1
φ(x′i |xi−1, xi, xi+1)Pt(xi−1, xi, xi+1). (3)
From this equation we see that the determination of Pt(xi) depends on the knowledge of the
probabilities Pt(xi−1, xi, xi+1), which in turn depend on Pt(xi−2, xi−1, xi, xi+1, xi+2) and so on,
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constituting a full many-body problem that in general cannot be solved exactly. The simplest
approach to get a closed set of equations from (3) is to approximate
Pt(xi−1, xi, xi+1)≈ Pt(xi−1)Pt(xi)Pt(xi+1). (4)
This is the single-cell mean field approximation, which assumes probabilistic independence
between the cells. Higher order approximations involving pairs, triplets or more cells provide
increasingly better approximate descriptions of the dynamics of the PCA [26, 27], but we shall
limit ourselves to the simple approximation (4).
3 A mixed PCA inspired by population dynamics
The model we are interested in was conceived as a toy model for the dynamics of a single-
species unstructured population in which individuals suffer from local overcrowding but also
from isolation and dispersal. In classical population dynamics and ecology, a common assump-
tion is that individual fitness is higher at low densities because of lower intraspecific competi-
tion [19]. It has been realised, however, that populations can also display a positive correlation
between its rate of growth and density, i. e., that at low population densities reproduction and
survival of individuals may be smaller than at higher densities. This so-called Allee effect, first
discussed in the 1930s [20], can result from mate limitation, debilitated cooperative defense
and feeding, unsubstantial predator satiation, dispersal, and habitat alteration, amongst other
factors [21–25]. Several species seem to display one form or another of Allee effect, such as
the African wild dog (Lycaon pictus), cod (Gadus morhua) and marsh gentian (Gentiana pneu-
monanthe); the effect, though, disappears as populations grow larger and does not affect most
taxa.
Allee effects can be weak (non-critical) or strong (critical). In the weak type, the intrin-
sic growth rate of the population decreases at small population densities but remains positive,
whilst in the strong type the intrinsic growth rate may become negative and steer the popula-
tion towards extinction. In discrete-time, the population density xt evolves through a map like
xt+1 = xtg(xt) (see Sec. 4), such that the intrinsic growth rate function g(xt) must be nonnega-
tive and it only makes sense to speak of the weak Allee effect; see Figure 1. In continuous-time,
otherwise, x˙t = xtg(xt) and both types of Allee effect can be modelled.
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Figure 1: Example of intrinsic growth rate function g(xt) ≥ 0 displaying the combined features of
logistic limitation to growth at high densities and weak Allee effect at low densities. Function g(xt) is
defined only for xt ≥ 0; the dashed red line does not have any meaning and is depicted only to locate A.
See Sec. 4 for the definition of the constants r, K and A.
Let p ∈ [0,1] be a real parameter describing the mean individual fitness (the “survival
strength”) in the population. Larger values of p model more resilient individuals and favour
reproduction. Our one-parameter PCA model for the dynamics of a single-species population
under the influence of both logistic and weak Allee effects in terms of p is given in Table 1,
where individuals are identified with 1’s. The microscopic transition probabilities given in
Table 1 embody the following rationale:
(i) The transition 000→ 010 is forbidden on the basis that spontaneous generation of indi-
viduals is unnatural;
(ii) Logistic limitation to growth: birth rates 0→ 1 and survival 1→ 1 decrease with in-
creased local density of individuals. The transition probabilities φ(1 |101) = p and
φ(1 |111)= p reflect this limitation—individuals have to be fit to prosper in such crowded
neighbourhoods;
(iii) Demographic Allee effect: birth rates 0→ 1 and survival 1→ 1 are hampered by low
density of individuals. The transition probabilities φ(1 |100) = φ(1 |010) = φ(1 |001) =
p realise this effect;
(iv) Individuals that are neither lone nor in too packed a neighbourhood can endure indefi-
nitely. This is modelled by the transition probabilities φ(1 |110) = φ(1 |011) = 1.
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Note that in item (ii) we could have set φ(1 |111) = 0 as well and that in item (iv) we do not
distinguish between an individual and its offspring as long as there is not an interruption (a
death event) in its lifetime, making the model possibly useful also in the study of lineages.
The PCA in Table 1 is an example of a mixed PCA, also known as ‘diploid’ cellular
automata [28–33]. In a mixed PCA, two or more deterministic CA rules are combined such
that sometimes one rule is applied, some other times another rule is applied. Asynchronous (or
diluted) PCA are mixed PCA with one of the rules given by the identity map xt+1i = x
t
i . Reading
the lines of Table 1 as binary numbers we see that our PCA is the mixed PCA p254–q72, with
q = 1− p.
Table 1: Rule table for PCA p254–q72 with q = 1− p. The first row lists the initial neighbourhoods
and the other two rows give the state reached in the next time step by the central cell with the probability
given in the first column.
111 110 101 100 011 010 001 000
p 1 1 1 1 1 1 1 0
1− p 0 1 0 0 1 0 0 0
4 Single cell mean field approximation
From (3), (4), and Table 1, the single-cell mean field equation for the time evolution of Pt(x =
1)≡ xt (and so Pt(x = 0)≡ 1− xt) of PCA p254–q72 reads
xt+1 = px3t +(2+ p)x
2
t (1− xt)+3pxt(1− xt)2. (5)
Equation (5) has the expected structure for discrete-time models of population dynamics, to
wit, xt+1 = xtg(xt), with g(xt) ≥ 0 the intrinsic growth rate function of the population. Every
PCA with φ(1 |000) = 0, i. e., with x = (0,0, · · · ,0) an absorbing state, will display the same
structure. At p = 2/3, (5) becomes the logistic map
xt+1 = rxt
(
1− xt
K
)
(6)
with r = 2 representing the maximum potential rate of reproduction of the individuals in the
population and K = 3/2 the carrying capacity, i. e., the maximum population viable under the
5
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Figure 2: Critical points and density profiles Re{x(±)∞ (p)} from the mean field solution (7) and xL(p)
from direct Monte Carlo simulations of a PCA with L = 10000 cells averaged over 10000 samples.
The mean field solution predicts a first-order phase transition at the critical point is p∗mf = p0 = (8−
2
√
5)/11 ' 0.321, whilst the empirical critical point p∗ ' 0.381 (see Sec. 5). The mean field solution
x(−)∞ (p) and the empirical profile xL(p) are virtually equal for p& 0.5.
given ecological conditions [19]. The logistic map (6) quickly converges (for 0 < x0 ≤ 1) to
the stable population limt→∞ xt = 3/4.
Back to our cubic map (5), in the stationary state we must have xt+1 = xt ≡ x∞ and (5) has
solutions x(0)∞ = 0, corresponding to the absorbing state devoid of individuals, and
x(±)∞ =
(5p−2)±
√
(5p−2)2−4(3p−2)(3p−1)
2(3p−2) . (7)
Solutions (7) are real for p≥ p0 = (8−2
√
5)/11' 0.321, at which x(±)∞ (p0) = (3−
√
5)/4'
0.191. Solution x(+)∞ is positive between this point and its root at p = 13 , diverges and changes
sign at p = 23 , and never becomes x
(+)
∞ ≤ 1 again. Solution x(−)∞ does not have any real root,
is positive for all p ≥ p0 with a minimum at p0 and with x(−)∞ (13) = 13 . The point p = 23 is
a removable discontinuity of x(−)∞ , at which x(−)∞ (23) =
3
4 . The mean field solutions (7) are
summarised in Figure 2. The single-cell mean field approximation thus predicts a first-order
phase transition for PCA p254–q72 at p∗mf = p0 = (8−2
√
5)/11' 0.321.
The mean field maps (5) and (6) can be compared with a discrete-time model for the
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dynamics of populations under weak Allee effects that reads [24, 25, 31]
xt+1 = rxt
(
1− xt
K
)(
1+
xt
A
)
= xtg(xt), (8)
with 0 < A < K is a critical population threshold parameter. The instrinsic growth rate function
g(xt) corresponding to (8) is displayed in Figure 1. After simple algebra, we see that map (5)
can be recast like (8) as long as 0≤ p < 25 , with
r = 3p, K−A = (2−5p)/(2−3p), KA = 3p/(2−3p). (9)
For example, if we set p = 7/18 > p∗ > p∗mf (we will find in Sec. 5 that the empirical critical
point p∗ ' 0.381), but still within [0, 25), we obtain r = 7/6, K = (
√
1261+ 1)/30 ' 1.217
and A= (
√
1261−1)/30' 1.150. Figure 3 displays the stationary pattern of a PCA p254–q72
with L= 200 cells at p= 7/18. The average stationary density measured from simulations (L=
10000, average taken over 10000 samples) is 〈xL(7/18)〉 ' 0.310, whilst the stationary density
obtained from (7) (or (8)–(9)) is x(−)∞ (7/18) = (
√
181+1)/30' 0.482. The mean field solution
clearly overestimates the stationary density near the critical point p∗, where fluctuations are
large. Note that when p→ 0 in (9), both r→ 0 and A→ 0 such that r/A→ 2 and K→ 1. Indeed,
when A→ 0 we have 1+xt/A≈ xt/A and the right-hand side of (8) becomes (r/A)x2t (1−xt/K),
which models a particular case of weak Allee effect.
5 Critical behaviour
5.1 Critical indices
We determine the critical behaviour of PCA p254–q72 by Monte Carlo simulations and finite-
size scaling analysis of the data. The techniques are standard and can be reviewed in [27, 34].
The main quantity of interest is the empirical time-dependent density of active cells
xL(t) =
1
L
L
∑
i=1
xti. (10)
Close to the critical point p = p∗, we expect that
xL(t)∼ t−β/ν‖Φ(εt1/ν‖, tν⊥/ν‖/L), (11)
7
Figure 3: Space-time diagram of PCA p254–q72 at p = 7/18 ' 0.389 > p∗ ' 0.381 (see Sec. 5). A
total of L = 200 cells under periodic boundary conditions are evolved for 200 time steps (from top to
bottom) from an initially random state of density ∼ 2/3.
where ε = |p− p∗ | ≥ 0 and L is the size of the array. The exponents ν‖ and ν⊥ rule the scaling
behaviour of the PCA at criticality in the temporal (ν‖) and spatial (ν⊥) dimensions. For large
systems (L↗ ∞), xL(t)∼ t−β/ν‖Φ(εt1/ν‖), with Φ(u 1)∼ const and Φ(u 1)∼ uβ . Close
to the critical point ε ≈ 0 and for large L we must thus observe xL(t) ∼ t−δ , with δ = β/ν‖,
and one can simultaneously determine p∗ and δ by inspection of logarithmic plots of xL(t).
Figure 4 displays xL(t) for a PCA of L = 20000 cells and 4000 ≤ t ≤ 400000; each
curve is an average over 10000 samples. We see that for p < p∗ the curves bend downward,
indicating that the population heads to extinction, whilst for p > p∗ the curves bend upward
and the population will eventually reach a stable density. At the critical point the decay must
be scale-invariant, i. e., algebraic. The right panel displays the effective exponent
δL(t) = logb[xL(t)/xL(bt)] (12)
against 1/t. We take b = 4 in our analyses. From Figure 4 we estimate p∗ = 0.38108(1) and
δ = 0.161(2), where the numbers between parentheses indicate the uncertainty in the last digit
of the data. The estimate for δ comes from an extrapolation of the form δL(t) = δL + at−1 to
the data for L = 20000 and p = 0.38108, with a conservative estimate for the uncertainty.
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Figure 4: Left panel: Logarithmic plot of xL(t) for a PCA with L = 20000 cells; each curve is an
average over 10000 samples. Right panel: effective exponent δL(t) obtained from the curves in the left
panel. From these curves we estimate p∗ = 0.38108(1) and δ = 0.161(2). The dashed line in the right
panel indicates the best known value for the corresponding exponent of the directed percolation (DP)
process on the square lattice, δDP = 0.159464(6).
The exponent ν‖ can be obtained by plotting tδ xL(t) against tεν‖ and tuning ν‖ to achieve
data collapse with different ε—a so-called off-critical estimation. In the same way, by plotting
tδ xL(t) versus t/Lz at criticality for different L and tuning z until data collapse provides an
estimate for the exponent z—a finite-size scaling estimation. Since z = ν‖/ν⊥, the procedure
also furnishes an estimate for ν⊥. We achieved best data collapse with ν‖ = 1.75, z = 1.55 and
δ = 0.160. We could not discern the values of these exponents more precisely than by ±0.05,
±0.05 and ±0.001, respectively. The data collapse is, otherwise, very sensitive to p∗. The
finite-size curves using the above stated values for ν‖, z and δ (and p∗ = 0.38108) appear in
Figure 5.
The three exponents, δ , ν‖, and z, suffice to determine the universality class of critical
behaviour of the model, the other exponents following from known hyperscaling relations [27,
34]. The best values available for the critical exponents of the directed percolation (DP) process
on the square lattice (or, equivalently, the (1+1)-dimensional basic contact process) are δDP =
0.159464(6), ν‖DP = 1.733847(6), and zDP = 1.580745(10) [35–37]. Thus, within error bars
our data put the critical behaviour of PCA p254–q72 in the DP universality class.
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Figure 5: Data collapse for the off-critical (left panel) and finite-size (right panel) data, obtained with
ν‖ = 1.75, z = 1.55 and δ = 0.160, where ε = |p− p∗ | with p∗ = 0.38108. In the left panel, L = 20000
and the upper (lower) branch corresponds to p > p∗ (p < p∗). In the right panel, the late times data for
L = 4000 do not quite bunch together with the other data, although the data for smaller t do. Note that
whilst the data is spread over ∼ 3 decades in the x-axis, the range of the y-axis is relatively tight.
5.2 Remarks on the directed percolation transition
Directed percolation entered the lore of population dynamics and mathematical ecology mostly
through the study of the dynamics of populations about the threshold of ecological extinction
[38–42]. The spatial dynamics of the population, driven by locally density-dependent rates of
dispersal and reproduction, may lead (even in an homogeneous, contiguous environment) to
isolated clusters of individuals that may thrive or not, eventually leading either to the overall
survival or extinction of the population.
A paradigmatic model with critical behaviour in the DP universality class is the basic con-
tact process (CP), see [27] and the references therein. The basic CP is an interacting particle
system on the lattice evolving in continuous-time by the transitions 1→ 0 and 01 or 10→ 11
with reaction rates 1 and λ , respectively, with the later involving only nearest neighbours on the
lattice. In one spatial dimension, the basic CP displays an extinction-survival phase transition
at the critical point λ ∗ ' 1.649 [35–37]. The first order mean field equation for the dynamics
of the density of individuals is given by the logistic equation x˙t = 2λxt(1− xt)− xt , with a
stationary density given either by x∞ = 0 or x∞ = 1− 12λ−1, λ ≥ 12 , with a continuous transi-
tion between the two phases taking place at the mean field critical point λ ∗mf =
1
2 . Clearly, the
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basic CP can be applied to many models of epidemiology and population dynamics [43–45],
including generalisations to multiple-species predator-prey models [46–48]. DP critical be-
haviour has also been found in the extinction of certain types of strategies in spatial evolution-
ary games [49–51]. From the point of view of theoretical physics, that the critical behaviour in
these models belongs to the DP universality class may be viewed as an expected consequence
of the so-called DP conjecture, according to which phase transitions into an absorbing state in
short-ranged systems in the absence of conserved quantities belong to the DP universality class
of critical behaviour [52, 53]. Critical behaviour in the DP universality class appears in many
stylised mathematical models of natural phenomena, despite its lack of experimental evidence
until recently [54, 55].
PCA p254–q72 can be viewed as yet another model displaying DP critical behaviour. Its
distinguishing feature, however, is that its first order mean field approximation (5) to the dy-
namics of the density of individuals is a cubic map, not a quadratic one like the logistic map,
with the cubic term representing a weak Allee factor. It is remarkable that the rationale pre-
sented in Section 3 for the construction a model for a population of individuals simultaneously
under the stresses of overcrowding and loneliness recovers a logistic-like map including the
weak Allee effect. Although the mean field equation for the dynamics of a one-dimensional
PCA of symmetric radius r = 1 is almost always a cubic map and the analysis of cubic maps
from PCA can be found in the literature, (i) not every choice of transition probabilities ensue
a cubic map with the correct sign, as detailed in [31], and (ii) the connexion between mixed
PCA, cubic maps and Allee effects seems to be novel and relevant.
6 Summary and conclusions
Recently, all six-parameter left-right symmetric elementary (two-state) PCA that recover the
logistic map with or without weak Allee effect from their first-order mean field approximation
have been identified [31], including their one-parameter counterparts. The one-parameter PCA
found, however, have a particular strucure: they are all mixed (or ‘diploid’) PCA pA–qB with
A and B even and A+B = 254. That means that the bits Ai and Bi of the rules A and B are
such that A0 = B0 = 0, because φ(1 |000) = 0, and Bi = 1−Ai, i = 1, . . . ,7. PCA p254–q72
does not fit into such PCA, because the transition probabilities φ(1 |011) = φ(1 |110) = 1 (see
11
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Figure 6: Microscopic transition probabilities φ(1 |ni) for the semi-totalistic PCA p254–q104. The
transition probabilities mimic locally the combined logistic and weak Allee effects. PCA p254–q104
displays an extinction-survival phase transition at p∗ ' 0.336 in the DP universality class of critical
behaviour.
Table 1), making bits A3 = B3 = 1 and A6 = B6 = 1 simultaneously; it thus belongs to another
set of mixed PCA that yields logistic-like maps like (8) including the weak Allee effect in
the first-order mean field approximation and displays an extinction-survival phase transition.
Preliminary results indicate that mixed PCA displaying extinction-survival phase transitions
abound, and some effort is currently being made to spot patterns in the mess [31–33]. Of
particular interest to us is the subclass of mixed PCA that yields cubic maps like (8) in first-
order mean field approximation, together with the analysis of the maps themselves.
Let us mention an apropos semi-totalistic PCA embodying the rationale given in Section 3.
In a semi-totalistic PCA, the transition probabilities depend only on the total number ni of
occupied cells in the neighbourhood of cell xi, including xi itself; in our case, ni = xi−1+ xi+
xi+1. If we take the transition probabilities φ(1 |ni) to mimic locally the combined logistic and
weak Allee effects according to Figure 6, we end up with the mixed PCA p254–q104 of Table 2,
which displays an extinction-survival phase transition at p∗' 0.336 in the DP universality class
of critical behaviour. If we alternatively set φ(1 |3) = 0, we get PCA p126–q104 with a critical
point at p∗ ' 0.386, also in the DP universality class of critical behaviour.
PCA p254–q72 and its siblings (PCA p254–q104, p126–q104, and p126–q72, this last
one with a p∗ ' 0.416) model the logistic limitation to growth and weak Allee effect by means
of a single parameter. The PCA would be more versatile if we could model these two effects
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Table 2: Rule table for the semi-totalistic PCA p254–q104; the table reads like Table 1. The transition
probabilities φ(1 |ni) are given by φ(1 |0) = 0, φ(1 |1) = p, φ(1 |2) = 1, and φ(1 |3) = p, where ni =
xi−1+ xi+ xi+1.
111 110 101 100 011 010 001 000
p 1 1 1 1 1 1 1 0
1− p 0 1 1 0 1 0 0 0
by two independent parameters, say, λ and α denoting respectively the intensities of the lo-
gistic limitation and weak Allee effects. Then, for example, one could take φ(1 |101) = 1−λ
but φ(1 |010) = 1−α . A two-dimensional version of the PCA and its possible relationship
with invasion dynamics would also be of interest. We can reasonably guess that there will
be an extinction-survival phase transition in this case, but the characteristics of the transition,
the scaling of the boundaries, and their biological relevance and interpretation remains to be
investigated.
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